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Abstract. In this paper we consider the time dependent Peierls-Nabarro model in 
dimension one. This model is a semi-linear integro-differential equation associated to 
the half Laplacian. This model describes the evolution of phase transitions associated to 
dislocations. At large scale with well separated dislocations, we show that the dislocations 
move at a velocity proportional to the effective stress. This implies Orowan's law which 
claims that the plastic strain velocity is proportional to the product of the density of 
dislocations by the effective stress. 

1. Introduction 

1.1. Setting of the problem. In this paper we consider a one- dimensional Peierls- 
Nabarro model, describing the motion of dislocations in crystals. In this model disloca- 
tions can be seen as phase transitions of a function u*^ solving the following equation for 
e= 1 

^^^^ {dtU^=Xi[u%t,-)]-W'{^) in M+xM 

1 14*^(0, x) = no(x) on M. 

Here Xi = — (— A)^ is the half Laplacian whose expression will be made precise later 
in fjl.Sp and is a one periodic potential which describes the misfit of atoms in the 
crystal created by the presence of dislocations. Equation (11.11) models the dynamics 
of parallel straight edge dislocation lines in the same slip plane with the same Burgers 
vector, moving with self-interactions. In other words equation (11.11) simply describes 
the motion of dislocations by relaxation of the total energy (elastic + misfit). For a 
physical introduction to the Peierls-Nabarro model, see for instance [H], [S]; we also refer 
the reader to the paper of Nabarro [13] which presents an historical tour on the Peierls- 
Nabarro model. The Peierls-Nabarro model has been originally introduced as a variational 
(stationary) model (see [I3]). The model considered in the present paper, i.e. the time 
evolution Peierls-Nabarro model as a gradient flow dynamics has only been introduced 
quite recently, see for instance [12] and [1], and [Tl] where this model is also presented. 
See also the paper [3] that initiated several other works about jump- diffusion reaction 
equations. 



In [TT] we study the limit as e — t- of the viscosity solution of (11. ip in higher 
dimensions and with additional periodic terms. Under certain assumptions, we show in 
particular that m'^ converges to the solution of the following equation: 



:i.2) 



dtU = H{u^,Ii[u{t,-)]) in 
n(0, x) = Uq{x) on 



In mechanics, equation (11.21) can be interpreted as a plastic flow rule, which expresses the 
plastic strain velocity dtU as a function H of the dislocation density and the effective 
stress Xi [u] created by the density of dislocations. Mathematically the function H, usually 
called effective Hamiltonian, is determined by the following auxiliary problem: 



;i.3) 



drV = L + Xi [v{t, ■)] - W'{v) in M+ x R 
f (0, y) = py on R. 

Here the quantity L appears to be an additional constant stress field. Indeed, we have 

Theorem 1.1 (Theorem 1.1, [H]). Assume that W G C^'^(R) and W is 1-periodic. For 
every L G R andp G R, there exists a unique viscosity solution v G C(R^xR) of (ll.Sp and 
there exists a unique A G R such that v — py — Xr is bounded in R+ x R. The real number 
X is denoted by H{p,L). The function H{p,L) is continuous on and non- decreasing 
in L. 

This is the starting point of this paper. Our goal is to study the behaviour of H{p, L) 
for small p and L, and in this regime to recover Orowan's law, which claims that 

(1.4) H{p,L)c:,co\p\L 
for some constant of proportionality Cq > 0. 

1.2. Main result. In order to describe our main result, we need the following assump- 
tions on the potential W: 

'M/gC^'^(R) for some < /3 < 1 

W{v + 1) = W{v) for any w G R 

(1.5) i = on Z 

W >0 on R \ Z 
a = W"{0) > 0. 

Under (ll.Sp . it is in particular known (see Cabre and Sola- Morales [2]) that there exists 
a unique function solution of 

(li[(t)] = W'{(j)) in R 

(1.6) < 0' > in R 
[\im^^_oc (f>{x) = 0, lima;^+oo 0(a;) = 1, 0(0) = i. 

Our main result is the following: 

Theorem 1.2 (Orowan's law). Assume (II. 5p and let po, Lq G R. Then the function H 
defined in Theorem \1.1\ satisfies 

(1.7) > co\po\Lo as d — )■ 0^ with cq ^ ' ' '-^ ^ 

0^ 
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Theorem 11.21 shows that in the hmit of small density of dislocations p and small stress L, 
the effective Hamiltonian H follows Orowan's law (11. 4p . This implies that in this regime, 
the plastic strain velocity dtu in (II. 2p is proportional to the dislocation density \ux\ times 
the effective stress Xi[m], i.e. 

dtU ~ co\ux\Ii[u{t, ■)]. 

Notice that this last equation has been proposed by Head [8] and self-similar solutions 
have been studied mathematically in [1]. 

Notice that in homogenization problems the effective Hamiltonian is usually unknown. 
Explicit formulas for H are known only in very special cases, see for instance [10]. The 



result of Theorem 11.21 provides an other example of explicit expression for a particular 
homogenization problem. 

Finally we give the precise expression (the Levy-Khintchine formula in Thm 1 of 
of the Levy operator Xi of order 1. For bounded C^- functions U and for r > 0, we set 

Xi [U] (x) = Xi [t/, x]= [ {U{x + z)- U{x) - ■ z)fi{dz) 



/- idz 

+ / {U {x + z) — U (x)) ^{dz) , with ^{dz) = - 

'\z\>r Z^ 



Notice that this expression is independent on the choice of r > 0, because of the antisym- 
metry of zfi{dz). More generally, when U is such that f/ — £ is bounded with i a linear 
function, we simply define 

Xi[f/](x) = Ii[U,x] = lim [ {U{x + z)- U{x))fi{dz) 



r<\z\<l/r 



1.3. Organization of the article. 



In Section [2|, we present the main ideas which allow us to prove Orowan's law and 
give the proof of the main theorem (Theorem 11.21) . This proof is based on Proposition 
12.11 which claims asymptotics satisfied by a good Ansatz (see (I2.4p ). The remaining part 
of the paper is then devoted to the proof of Proposition 12. 1[ In Section [3l we recall in 
Lemmata 13.11 and 13. 2^ useful asymptotics respectively on the transition layer and some 
corrector ip. The main result of this section is some asymptotics on the non linear PDE 
evaluated on the Ansatz. In Section HJ we do the proof of Proposition 12.11 Finally in an 
appendix (Section E]), we give the proof of Lemmata 13.11 and 13 . 2 1 We also give the proof 
of five claims used in Section [3] and a technical lemma (Lemma 14. ip used in Section HI 



2. Ideas and proof of Orowan's law (Theorem 11.21) 



2.1. Heuristic for the proof of Orowan's law. 

The idea underlying the proof of Orowan's law is related to a fine asymptotics of 
equation (II. 3p . It is also known (see [7]) that if v solves (II. 3p with L = 6Lo, i.e. 

(2.1) drV = 6Lo+Ii[v{T,-)]-W'{v) 



for a choice of initial data with a finite number of indices i: 



x?>0 ^ ^ x-?<0 ^ ^ 



where a = W"{0) > (defined in (fT3]l ). then 

v\t,x)=v(^,^]-^v\t,x) = J2Hi^-^iit))+J2(H{x-Xi{t))-l) as 5^0 
where H is the Heaviside function and with the dynamics 



(2.2) 



Co [ -Lo + - V — ^ — 
at \ IT ^-^ Xi — Xj 



{ x,(0) = xl 

Moreover for the choice p = 6pQ with po > and = i/po that we extend formally for 
all i G Z, we see (at least formally) that 

\v{0,y) - 6pQy\ < Cs- 

This suggests also that the infinite sum in (12. 2 p should vanish (by antisymmetry) and 
then the mean velocity should be 

dXi 

i.e., after scaling back 

v{t, y) ~ 5po(2/ — cir) + bounded 

with the velocity 

d{xi/6) 

= wm " 

i.e., 

t>(r, y) ~ 5pQy + Ar + bounded with A ^ (5^CoPo-^o. 
We deduce that we should have 

)■ A ^ CqPqLq as r — +oo. 

r 

We see that this A = H{6po, SLq) is exactly the one we expect asymptotically in Theorem 
11.21 when po > 0. 

2.2. The ansatz used in the proofs. 

In the spirit of [B], one may expect to find particular solutions v of (12. ip that we can 
write 

v{T,y) = h{6poy + Ar) 
for some A G M and a function h (called hull function) satisfying 

\h{z)-z\ < C. 

This means that h solves 

Xh' = 6Lo + 6\po\Ii[h] - W'{h). 



Then it is natural to introduce the non hnear operator: 



2.3) NL^lh] := Xh' - 6Lo - 6\po\Ii[h] + W'{h) 



and for the ansatz for A: 

Xg" = 6^co\po\Lo 



it is natural to look for an ansatz h^'^ for h. The answer is indicated by the heuristic of 
subsection 12.11 Indeed we define (see Proposition 12. ip 

h^^ix) = hm s,^°„(x) 



where for all po 7^ 0, Lq G M, 5 > and n G N we define the sequence of functions 

{4:n{x)}n by 



— n 



where a = W"{0) > 0, is the solution of (11. 6p and the corrector ip is the solution of the 
following problem 

'l,[iP] = W"i(l))ij + ^{W"{<P)-W"{0)) + c(l)' in M 
(2.5) {\im^^ + ^^{x)=0 

Lo 



C 



From [7], it is known that there exists a unique i/j solution of (12. 5p . Moreover this corrector 
ip has been introduced naturally in [7] in order to perform part of the analysis presented 
in the heuristic (subsection 12. ip . and this is then natural to use it here in our ansatz. We 
will prove later the following result which justifies that the ansatz is indeed a good ansatz 
as expected. 

Proposition 2.1. (Good ansatz) 

Assume (II. 5p . For any L G M, 5 > and x G M, there exists the finite limit 

h^ix)= lim s^M- 

Moreover has the following properties: 

(i) G C^(M) and satisfies 

NLf[h^]ix)=o{6), 
where lim5_5.o ^ = 0, uniformly for x G M and locally uniformly in L G M; Here 

^5 = ^"^coIpoIL 

and NL\ is defined in Ii2.3\) . 

(ii) There exists a constant C > such that \h^{x) — x\ < C for any x G M. 



2.3. Proof of Theorem II. 2L We will show that Theorem 11.21 follows from Proposition 
12. H and the comparison principle. 

Fix 1] > and let L = Lq — r]. By (i) of Proposition 12. 1[ there exists Sq = Sq^t]) > 
such that for any 6 G (0, 6o) we have 



(2.6) 



NL^^[h^]=NLf[h^]-6v<0 inM. 



Let us consider the function v{T,y), defined by 
By (ii) of Proposition 12. ![ we have 



(2.7) 



where [C] is the ceil integer part of C. Moreover, by f l2.6p and fl2.7p . v satisfies 

Vr < SLo +Ii[v]- W'{v) in M+ X M 
viO,y) <Spoy+\C] on M. 

Let v{t, y) be the solution of (11. 3p . with p = 6po and L = 6Lq, whose existence is ensured 
by Theorem ll.il Then from the comparison principle and the periodicity of W, we deduce 
that 

vir,y) < v{T,y) + \C]. 
By the previous inequality and (12. 7p . we get 

XsT <v{r,y)-6poy + 2\C], 
and dividing by r and letting r go to +oo, we finally obtain 

6'^co\po\{Lo -v) = Xs < H{Spo,6Lo). 

Similarly, it is possible to show that 

H{6po,5Lo) < 6^co\po\iLo + 7]). 

We have proved that for any 77 > there exists 60 = Sq^t]) > such that for any S G (0, Sq) 
we have 



H{Spo, 6Lq 



52 



coIpoI-^^o 



< Co bo 1^7, 



i.e. fll.7D. as desired. 



□ 



3. Preliminary asymptotics 

The main goal of this section is to show Lemma 13731 which is a first result in the direction 
of Proposition 12. II We start with prelimary results in a first subsection and prove Lemma 
13.31 in the second subsection. 
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3.1. Preliminary results. 



On the function W, we assume (11. 5p . Then there exists a unique solution of (11. 6p which 
is of class C"^'^, as shown by Cabre and Sola-Morales in [2]. Under (II. 5p . the existence of 
a solution of class C^''^ of the problem (12. 5 p is proved by Gonzales and Monneau in [7]. 
Actually, the regularity of W implies, that G ^^'^(R) and G C^''^(M), see Lemma 2.3 
in[2]. 

To prove Proposition 12 . 1 1 we need several preliminary results. We first state the following 
two lemmata about the behavior of the functions (j) and ip at infinity. We denote by H{x) 
the Heaviside function defined by 



H(x) 



1 for X > 
for X < 0. 



Then we have 



Lemma 3.1 (Behavior of (p). Assume (II. 5p . Let 
exist constants Kq, Ki > such that 



(3.1) 

and for any x G 
(3.2) 

(3.3) 

(3.4) 



4>{x) - H{x) 



anx 



< 



x^ 



< 



1 + X2 
1 + X2 
1 + X2 



< (f)'(x) < 



be the solution of (II. 6p . then there 
for \x\ > 1, 



< 0"(a;) < 



< d>"'(x) < 



1 + x^' 

1 + X2' 



X 



2 ■ 



Lemma 3.2 (Behavior of Assume i\1.5\) . Let ip be the solution of (12. Sp . then for any 
L G M there exist constants K2 o,nd K^, with > 0, depending on L such that 



(3.5) 

and for any x G 
(3.6) 

(3.7) 



ip{x) 



K2 

X 



< 



X 



2 ' 



for \x\ > 1, 



1 + X' 

1 + X2 



< ip'ix) < 



1 + X2 
1 



We postpone the proof of the two lemmata in the appendix (Section E]). 
For simplicity of notation we denote (for the rest of the paper) 



X 



Xi 



5\Po\ 



H{z), Xi[(f),Xi] =Xi[(f)]{xi). 



Then we have the following five claims (whose proofs are also postponed in the appendix 
(Section [5])). 

Claim 1: Let x = zq + 7, with io E 7j and 7 E (— |, |] , then 

n ^ +00 ^ 

V :^-27V- as n-> +00, 

z — / X — t ^ — ^ — 7^ 

i=-n 4=1 



i X ^ i 

as n +00, 



^ (x - 2)2 ~^ ^ (i + 7)2 



n +00 

E7 ^ ^ 7^ ^ as n ^ +00. 
(x - 2)2 ^ U - 7)2 



Claim 2: For any x G M the sequence {s|'„(x)}„, converges as n +00. 

Claim 3: T/ie sequence {(sf'„)'}„ converges onM. as n +00, uniformly on compact sets. 

Claim 4: The sequence {{s^n)"}n converges on as n +00, uniformly on compact 
sets. 

Claim 5: For any x G M the sequences XliL-n -^1 ^j] ^'^^ XliL-n-^il^' ^'J converge as 
n — 7- +00. 



3.2. First asymptotics. 

In order to do the proof of Proposition 12. 1^ we first get the following result: 
Lemma 3.3. (First asymptotics) We have 

-C6'< hm NL^[s^J{x)<C6', 

where C is independent of x. 
Proof of Lemma 13.31 
Step 1: First computation 

Fix X G M, let io E 1> and 7 G (— |, |] be such that x = io + 7, let > 2 and n > \io\ 
Then we have 



A:= iVLF[sy(x) 



a'' 



L5 



where we have used the definitions and the periodicity of W . Using the equation fll.6p 
satisfied by 0, we can rewrite it as 



A- f-' 



S\po\ 



1— — n 



i — — n 



Using the definition of and a Taylor expansion of W, we get 



2— — ri 



z — — n 



i — — 71 



-5Xi[z^,xJ + iy"(0(x,J) 



h + U(xi) + 6ip{xi) 

a ^-^ L 



6L + E 



with the error term 



E= ^O(0(x,))' + O 



t=: — 7l 



— + 6tjj{xi,) + V 



(j){xi) + S^{xi) 



\ 



I— — n 



Simply reorganizing the terms, we get with c = CqL: 
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A = 5coL \ 5i;'{x,,) + ^ + 5ij'{x,)] \ - W"iO) ^ - 5 ^ Xi[^A, 



Xi 



i— — n 



( 



+ W-"(0(a:,J) 



Using equation (12. 5p satisfied by we get 



A = ScoL } 64j'{x,,) + Wi^^) + <^^'(^^)] \ + iW"{<P{x,,)) - W"{0)) ^ <P{x, 

n n 

- 6 ^ Xi[^,x,] + W"{4>{x,,))6 J2 ^i^i) + E 



i— — n 



% — ~n 



Step 2: Bound on Wi^i) + Silj'{xi)] 



Let us bound the second term of tlie last equality, uniformly in x. From (13.21) and (13.61) 
it follows that 

n ^ n n ^ 



\x — I 

i — — n ^ ' i= — n 



i — — n 



X — I] 



and then by Claim 1 we get 

n 

(3.8) - < lim y [(t)\xi) + 5^\xi)\ < C5^ 



2— — n 



Here and henceforth, C denotes various positive constants independent of x. 
Step 3: Bound on - W"{<d)) ^?=-n 4>{xi) 

Now, let us prove that 

n 

(3.9) - C6^ < lim {W"{(j){xi,)) - W"{0)) V 0(xi) < C6^. 



i— — 71 



By (13. ip we have 



(3.10) 



z— — n 



avr — ' X — t 

i— — n 



1— — n 



X — I] 
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If I7I > 6\po\, then again from fl3.ip . 



10 J 



S\po \ I 



5^ I I ^ 

< Ki 1^2° which imphes that 
5 



- w^"(o)i < \w"'m{xi,)\ + o{<p{x.,)y <c— + c- 



71 7 



By the previous inequahty, fl3.10p and Claim 1 we deduce that 

n 

hm - Ty"(0)) V 

J,— V-l-rxn f ^ 



I — — n 



171 7' 



where C is independent of 7. 

Finally, if I7I < S\po\, from fl3.10p and Claim 1 we conclude that 



lim - W"iO)) V 

J,— ^--l-Dn ' ^ 



x— — n 



< CS\-f\ + cs^ < cs' 



and (13 -Qp is proved. 

Step 4: Bound on S'^l^-n Xi[ip, Xi] 

We have 

(3.11) 

Xi[^] = w'\^)ij + -{W'\4>)-W'\0)) + c(f)' = W''{0)^ + -W'''{0)^+O{(f))ij + O{^y + c(f)'. 
a a 

Then by fl3TT]) . f l33]) . (jM]), dS]) and Claim 1, we have 



(3.12) 



lim 6 y Iiltp, 



% — — n 



<C6' 



Step 5: Bound on iy'(0(xjo))5 ^?=-7i '?/'(xi) 
Similarly 



(3.13) 



lim W"{(P{x,,))6 V ^(x,) 



I— — n 



<C5\ 



Step 6: Bound on the remaining part E 

Finally, still from (13. ip . (13. 5p . and Claim 1 it follows that 



(3.14) 



lim V(0(x,))2 + O 

71— > + 00 ' 



z— — n 



L5 



\ 



a 



5%l){xi^) + ^ U(xi) + ^^/'(xi) 



I— — n 



\ 



J 



<C6' 



Step 7: Conclusion 

Therefore, from ([31]), ([33]), fl3:T2]) . f l37[3]) and f l37H]) we conclude that 



-C6'' < lim NL^' < C5 



12 

with C independent of x and Lemma 13.31 is proved. 



4. Proof of Proposition 12.11 



In order to perform the proof of Proposition 12. 1^ we will use the following technical 
result whose proof is postponed to the appendix. 

Lemma 4.1. (Vanishing far away contribution) 

We have 

(4.1) liin lim I [sl^{x + y) - sl^{x)]^x{dy) = 

a->+oon^+oo 

We also need to introduce the notation 



X|[/,x] = / [f{x + y) - fix) - f'{x)yUdy) 



and 



It[f,x]= / [f{x + y)-f{xMdy). 

'\y\>i 



Proof of Proposition 12.11 
Step 1: proof of ii) 

Let X = io + 7 with io ^ Z and 7 G (— |, |] • Let > 2 and n > |io|, then by (13. ip and 
(13. 5 p we get 

L6 " 

Ssni^) - X = h <P{xio) + Si){xi^) - n-io-7 + VI [4>{xi) + H{xi)] 

%=—n 

LS " ~ 

= h (pixio) + Si){xio) - 7 + V [<P{xi) + 5i){xi)] 

a ^ — ^ 



I— — Ti 



a 2 V ayr x — i 



Then, by Claim 1 

Similarly we can prove that 
which concludes the proof of ii 



2 — — n 



h^{x) — X = lim Sgj^{x) — x < C. 

n— >+oo ' 



ix — iV 



hs{x) -x>-C, 



Step 2: proof of i) 

The function hj{x) = lim„^_|_oo Sg^{x) is well defined for any x G M by Claim 2. Moreover, 
by Claim 3 and 4 and classical analysis results, it is of class on R with 

(h^nx) = hm (sinx) = lim ^ U (^) + f Ipl) 
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and the convergence of {s|'„}„, {(sf'„)'}„ and {(sf'„)"}n is uniform on compact sets. 
Let us show that for any x G M 

(4.2) Uhlx]= hm Usl^,x]. 

Step 2.1: term ll[hj,x] 
First, we prove that 

(4.3) Il[hlx]= hm X|[sJ„,x]. 

Fix X G M, we know that for any y G [—1, 1], y ^ 

sU^ + y)-sU^)-{sjJix)y h^(x + y)-hf{x)-{hfy{x)y 
— P5 > — as n +00. 

By the uniform convergence of the sequence {(s|'„)"}„ we have 

\4J- + v)-4J-)-(skJV)«\^ sup (4J"U)<c, 



\y\ z£ix~i,x+i] 

where C is indipendent of n, and (14. 3 p follows from the dominate convergence Theorem. 

Step 2.2: term tl[h^,x\ 

Then, to prove (14.21) it suffices to show that 

Xl[hlx]= hm Tl[si^,x]. 

n— >+oo 

From Claim 5 and (14.31) . we know that for any a; G M there exists lim„_j,+oo2^[s^„, x\. For 
a > 1, we have 

iiKn.A = I [slni^ + y) - 4ni^Mdy) + [ [4A^ + y) - 4ni^)Mdy)- 

Jl<\y\<a J\y\>a 

By the uniform convergence of {sf^}n on compact sets 



n— >+oo 



lim / [s^^nix + y) - s^^^{x)]^i{dy) = / [h^{x + y) - h^{x)]fi{dy) 



l<l?/|<a J^<\y\<a 

then there exists the limit 



lim / [sinix + y)-sl^ix)Mdy). 
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Then, we finally get 



lim Xl[sl^,x\= lim lim X^[s^„,a;] 

n— >+oo a— >+oo n— >+oo 



a— >+oo n— >+oo /i 

lim / + - /if 

^+°° Jl<|«|<a 



a— >-+oo 
r2r!,i 



as desired, where we have used Lemma [4.11 
Step 2.3: conclusion 

Now we can conclude the proof of (i). Indeed, by Claim 2, Claim 3 and f l4.2p . for any 

X e M 

Nl}^^[h^,]{x)= hm iVLi'[.y(x), 

n— >+oo ' 

and Lemma [3.31 implies that 

NL^^'[h^^]{x) = o{5), as 5^0, 
where lim^^o = 0, uniformly for x G M. 

5. Appendix 

In this appendix, we prove the following technical results used in the previous section: 
Lemmata 13.11 and 13.21 the Claims 1-5 and Lemma 14.11 

5.1. Proof of Lemma 13.11 Properties fl3.ip and (13.21) are proved in [7]. 
Let us show fl3.3p . 

For a > 0, we denote by ^'^(x) = 0' (^). Remark that (p'^ is a solution of 

XiK] = inM. 

Since 0" is bounded and of class C^'^, Xi[0"] is well defined and by deriving twice the 
equation in (11. 6p we see that 0" is a solution of 

Xr[ct>"] = W"m" + W'"{m'f- 
Let = 0" — C0'„, with C > 0, then satisfies 

IS] - w"m = {^w"«>) - \w"(<i>a)\ + w'"(m'f 

= C^;(w"W-V'(^.))h-o(^ 

as |x| — +00, by (13.20 . Fix a > and i? > such that 

iy"(0) - -W'\(l)a) > lW"{0) > on M \ [-R, R]; 



(5.1) 



Vr"(0)>O, on M\ 
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Then from (13.21) . for C large enough we get 

Xi[0] - > on M \ R]. 

Choosing C such that moreover 

0<O on[-i?,i?], 

we can ensure that < on M. Indeed, assume by contradiction that there exists 
xo G M \ R] such that 

0(xo) = sup > 0. 

Then 

2^i[0,a;o] < 0; _ 
Xi[0,xo]-l^"(0(xo))0(xo)>O; 
l^"(0(xo)) > 0, 
from which 

0(xo) < 0, 

a contradiction. Therefore < on M and then, by renaming the constants, from fl3.2p 
we get (p" 

To prove that 0" > — j^^, we look at the infimum of the function 0" + to get 
similarly that 0" + Ccj)'^ > on M. 

To show (13. 4p we proceed as in the proof of (13.31) . Indeed, the function cf)'" which is 
bounded and of class C^'^ , satisfies 

ll(X\Al'l I 'i\AT"l( X\AJ All I ( X\( Al\'i — \XTll(X\Alll 



1 + X" 



as |x| — )■ +00, by (13. 2 p and (13.31) . Then, as before, for C and a large enough cp'" — Ccj)'^ < 
and 0"' + C0^ > on M, which implies ([331) • ° 

5.2. Proof of Lemma 13.21 Let us prove (13. Sp . 

For a > we denote by 0a(x) = (^), which is solution of 

Ii[<Pa] = -W'M inM. 
a 

Let a and b be positive numbers, then making a Taylor expansion of the derivatives of 
W, we get 

Iliij - (0, - 06)] = I^"(0)7/. + -(W^"(0) - W^"(0)) + C0' + f V'(0fe) - -H^'(0a) 

= iy"(0)(V^ - (0. - 0,)) + 1^"(0)(0. - 0b) + -(IV"(0) - W"{0)) 

a 

+ c0' + f - -^^'(0a; 

\o a 

= W"{<P){^ - (0, - 0b)) + W^"(O)(0, - 0b) + -1^'"(O)0 + c0' 

a 

+ W"iO) Q0b - ^0,] + (0, - 0b)O(0) + 0(0)2 + O(0J2 + O(0b)^ 
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and then the function ip = ip — {(pa — <t>b) satisfies 

+ {<Pa - <t>b)0{^) + 0(0)2 + 0{4>af + 0{^,Y. 

We want to estimate the right-hand side of the last equahty. By Lemma [3.11 for |a;| > 
max{l, |a|, \b\} we have 



a TTX 



{a-b) + —W"'{0) 



Kia 



a' + b' + 



Choose a,b>0 such that {a - b) + ^W"'{0) = 0, then 

a 

for |x| > max{l, |a|, \b\}. Here and in what follows, as usual C denotes various positive 
constants. From Lemma [3. II we also derive that 



b a 



cd)' > 



> 



C 



C 



and 



1 + X2' 

- 06)0(0) + 0(0)2 + 0{4>af + 0{4>hf > 



c 



1 + 

for |x| > max{l, |a|, \b\}. Then we conclude that there exists i? > such that for \x\ > R 



we have 



c 



1 +X2 



Now, let us consider the function (f)'^{x) = 0' (^), d> 0, which is solution of 



and denote _ 

^ = ^-C0',, 

with O > 0. Then, for Ixl > i? we have 



m 



iim > w"{<p)^-^w"{<j>,)<j>',-^^ = w"{<p)^+c<j>', (w"{<p) - lw"{<j>,] 



d 



c 



l + x 



2 ■ 



Let us choose ci > and R2 > R such that 

W"{<P) - iiy"(0rf) > il^"(0) > on M \ [-R2, R2]] 
W"{(j))>0 onM\ [-i?2,i?2], 

then from (13. 2p . for C large enough we get 

iS] - W"{(j))^ > on M \ [-R2, R2], 
and _ 

^<0 on [-/?2,i?2]. 



17 



As in the proof of Lemma I3.1[ we deduce that < on M and then 

ip < 1 for X > 1, 

X 

for some K2 G M and > 0. 

Looking at the function — {(pa — (pb) + C(p'^, we conclude similarly that 

ip > for X > 1, 

X x^ 

and (13.51) is proved. 

Now let us turn to (13.61) . By deriving the first equation in (12. 5p . we see that the function 
ip' which is bounded and of class C^'^, is a solution of 

[ip'] = W"{(l))ij' + W"'{(p)(p'i) + -W"'{(p)(p' + c(p" in M. 

a 

Then the function ip' = ip' — Ccp'^^ satisfies 

IS'] - W"{(P)i^' = CcP'a iw'\(P) - \w'\(Pa)^ + W"\(P)(P'^p + -W"\(P)(P' + C(P" 

by (13. 2 p , (13. 3p and (13. 5 p , and as in the proof of Lemma 13. we deduce that for C and a 
large enough ipi < on M, which implies that ip' < y^^- The inequality ip' > —-^^ is 

obtained similarly by proving that Ip + > on K. 

Finally, with the same proof as before, using (l3.2p -f lXB]) . we can prove the estimate 
(13. 7p for the function ip" which is a bounded C^'^ solution of 

T^[tp"] = w"{<p)ip" + 2W"'{4))<p'ip' + w'^ {4)){<p'fip + w"'{4))<p"ip + -W" 

a 

^-w'''m<p'f+c<p"' 

a 

= W"{(P)iP" + O 



a 



x^ 



1 + 



□ 



5.3. Proof of Claims 1-5. 

Proof of Claim 1. 

We have for n > \io\ 



n ^ 



- = E ■ • + E . • = E-^-E-^ 



i=—n i=io + l i=l i=l 

Er=i if 2o = 



+00 



sr^n+to -27 _ v^n-Jo J_ -r • , j^;^ * 7 

Z^j=l j2_^2 Z^i=n+io+l i-7' ''0 ^ U 



2 
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Let us prove the second limit of the claim. 

io—l n+io ^ +00 ^ 

7 — ^ = T- — ^ t- — as n -> +00. 

Finally 

n ^ n— io +CXD ^ 

fx — r?' — ^"12 ~^ y^ _ 

l=io+l ^ 

and the claim is proved 
By Claim 1 ^?=-n ^ 

for /c > m > |io| we have 

:^ 1 ^ 1 

> )■ as m, /c — !■ +00 

X — z 



+ 00 

i 

as — !■ +00, 



By Claim 1 Z];=-" and (^z^p- are Cauchy sequences and then 



(5.2) 


— m— 1 

E ■ 

— ^ X — I 




i=—k 


(5.3) 


—m—1 

E 






and 




(5.4) 


k 

E 



7 -r —J- as m, — J- +00, 

(x — lY 



X — I) 
i=m+l ^ ' 



Proof of Claim 2. 

We show that {s5„(x)}„ is a Cauchy sequence. Fix x G M and let io £ ^ be the closest 
integer to x such that x = io + 7, with 7 G (— |, |] and \x — %\~^ \ for i 7^ io- Let 5 be so 
small that > 2, then > 1 for i 7^ io- Let k > m > using (13. ip and (13. 5 p we 
get 

— m— 1 

s^fc(a;) -sj,„(a;) = -(A;-m) + ^ [0(xi) + 5^(x,)] + ^ [0(x,) + 5^(xi)] 



i=—k i=m+l 
-m—1 A: 



i=—k i=m+l 

\ —m—1 ^ —m—1 ^ 

6K2]6\po\ V : + {K\ + 6K,)6'\po\' V 7 

avr / ^-^ X — I ^-^ [x — 

' i=—k i=—k 

-(—- SK,] 6\po\ V -^ + {K, + SKs)S'\po\' V 

Vavr / x — i ^-^ [x — I 

^ ' i=m+l «=m-|-l ^ 



and 



)>-f--'^i^2V|po|('E ^+ E ^ 

V avr / \ ^-^ X — % ^-^ X — I 

^ ' \ i=—k i=m+l 

/—m—1 ^ fc 

-(K, + 5K3)5^bo|ME7r3-^+Ezrz 



X — l]^ — ' \X — %Y 



19 



Then from (15.21) . (15. 3p . (15. 4p . we conclude that 
as desired. 



Proof of Claim 3. 

To prove the uniform convergence, it suffices to show that {(s5„)'(a;)}„ is a Cauchy se- 
quence uniformly on compact sets. Let us consider a bounded interval [a, b] and let 
X e [a, b]. For ^ > 2 and > m > 1/2 + max{|a|, \b\}, by and (ES]) we have 

— m— 1 ^ k 



i=—k 



< {K, + SK3)S\po\ 

< {K, + SK,)S\po\ 



-m — 1 



i=m+l 
k 



X — l)"^ ^ [x — %Y 

i=-k ^ ' i=m+l ^ ' 

— m — 1 ^ ^ 1 " 

E 7737)2+ E^ (5 _ 



i=~k i=m+ 



and 



Then by (ES} and (El 



-m— 1 



E _ ,-^2 + E^ (5 _ 



a — « 

i=—k i=m+ 



sup - ^ as/c,m-^+oo, 

xe[a,b] 



and Claim 3 is proved. 
Proof of Claim 4. 

Claim 4 can be proved like Claim 3. Indeed 



n 



and using (13.31) and (13.71) . it is easy to show that is a Cauchy sequence uniformly 

on compact sets. 

Proof of Claim 5. 

We have 

Xi[0] = W\<P) = W\(P) = iy"(O)0 + 0{<pf. 

Let a; = zo + 7 with 7 G {-\, i] , and A; > m > |zo|. From (EH]), ([OD, dOD and we 
get 

k m —m—1 k 

^Xi[0,x,]- ^Xi[0,a;,]= J] + O(0(x,))2] + ^ + O(0(a;,))'] 



i=—k 



< 



5\po\ 



TT 



j=— m i=—k 
-m—1 ^ k 



X — I — ' X — % 

i=—k i=m+l 



m—1 



i=m+l 
k 



E ^+ E ^ +^ E r-^+^ E 



^0, 



j=m+l 



X — ? 
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as m,k ^ +00, for some constant C > 0, and 



i=—k 



> 



S\po\ 



i=—m 
-m—l 



X — I — ' X — % 

-k i=m+l 



m—l 



^0, 



j=»n+l 



X — « 



as m, /c — 7- +00. Then [0, Xj] is a Cauchy sequence, i.e. it converges. 

Let us consider now X]r=-n-^i['^' ^«]- (13. lip . (13. ip . (13. 2p and (13. 5 p we get 



m 



^ Xi Xj] - ^ Xi X,] 

1 ..... '"I 

E ^+ E ^ +^ E r-^+^ E 



< C 



X — I — ' X — I 

i=—k i=m+l 



-m—l 



i=—k 



i=m-|-l 



X — Z 



and 



^ Xi[?/^,Xi] - ^ Xi[?/;,Xi] 

i=—k i=—m 

E^+E^ -^E T^2-c E ^ 



> c 



X — I ^ — ' X — I 

i=—k i=m+l 



-m—l 



IX — 21 

i=—k i=in+l 

n 



X — I] 



for some C G M and C > 0, which ensures the convergence of XliL-n -^1 ^«]- 
Proof of Lemma 14.11 

Let > 2. We first remark that if 2; > n + ^ then Zi = 4rn > 1 for i = —n, .... n and 

o|po | — 2' « <51poI — ' ' 

by (13. ip and (13. 5 p we have 
a 



LS 

< h n 

a 



+ n + l+ ^ [(/.(z,) - 1 + #(2:^] 

i=—r. 
n 



avr J z — % — ly 



and 



By Claim 1, the quantities ^YTi=-n i^i ^^"^ ^YTi=-n {z~if uniformly bounded on M by a 



i=—r 

aim 1, the quantities 
constant independent of n. Hence, we get 

(5.5) n-C: 
The same argument shows that 



an 



z — % 



.z -I] 



(5.5) n-C < s|'„(^) < n-hC \iz>n^-. 



(5.6) 



- n - C < s^„(z) < -72 -f C if z < -n - - 
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li \z\ < n — ^, then n > \jo\, where jo is the closest integer to z, and as in the proof of 
(ii) of Proposition 12.11 (see Step 1 there), we get 



L5_ 3 



and 



z > 



L6 1 



a 



Then, again by Claim 1 



E 

i— — n 



E 

i— — ri 



an z — I [z — %Y 



air I z — I (z — lY 



(5.7) 



C < s'^^iz) - z <C ii\z\<n--. 



Now, let io E Zhe the closest integer to x, let us assume n > \io \ + 1 + a. We have 



Kni^ + y)- 4ni^Mdy) = / Kni^ + y)- 4ni^Mdy) 

y\>a ^a<|j/|<n-l-|i()| 



+ / l-Mdy) + / [-Mdy). 

' n-l — \io\<\y\<n+l+\io\ J \y\>n+l+\io\ 



U \y\ < n - 1 



I, then |x + < n — i and by (15. 7p 

[4ni^ + y) - 4ni^)Hdy) < 



a<\y\<n-l-\io\ 



a<|y|<n— 1— |io 



{y + 2C)fi{dy) 
2C 

2Cfi{dy) < — , 



a<|j/|<n— 1— |io 



and 



Then 



2C 



[4ni^ + y)- 4nix)Mdy) > ^ 

a<|i/|<n-l-|jo| " 



lim lim 

a— >+oo n— >+oo 



[4nix + y)-4n{xMdy) = o. 



a,<\y\<n—l — \io\ 



Next, since |s|'„(2;)| < Cn for any 2; G M, we have 



(5.9) 



[sLi^ + y) - 4ni^)]Kdy) 



n-l-\io\<\y\<n+l+\io\ 

< Cn , 

' n-l-\io\<\y\<n+l+\io\ 



- {\%o\ + ly 



22 



Finally, if y > n + 1 + |io|, then x + y > n + ^, while if y < —n — 1 — |io|, then 
X + y < —n — |. Hence, using fl5.5p and fl5.6p . we obtain 

[4.nix + y) - 4,nix)Mdy) 

\y\>n+l+\io\ 

[s5,nix + y)- S5,nix)Mdy) + / [sj„(x + y) - sj„(x)]/i(rf?/) 

j/>n+l+|io| Jy<-n-l~\io\ 



and 



< / + C - + / i-n + C- s^^^ixMdy) 

Jy>n+l+\io\ Jy<-n~l-\io\ 

= I [C-sl^xmdy), 

J \y\>n+l+\io\ 

[ [4,ni^ + y)-slni^)Mdy)> j [^c - slSx)]^i{dy). 

J \y\>n+l+\ia\ J \y\>n+l+\ia\ 



j/|>n+l+|io| J \y\>n+l+\io\ 

We deduce that 

lim / [si^{x + y)- s^„(x)]/i(c/?/) = 0. 



n— >H-oo 



\y\>n+l+\io\ 



Hence, by the previous limit, flS.Sp and (15.91) . we derive (14. 11) . This ends the proof of 
Lemma 14.11 
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